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NOMENCLATURE

b flat plate dimension, m

f; initial condition

g heat generation, Wm®

k thermal conductivity, Wm*K™
r space domain

S; surface

T temperature, °C or K

t,1 time, s

X, ¥,z Cartesian axes

Greek symbols

o thermal diffusivity, ms™
Bm eigenvalue
1) impulse

INTRODUCTION

According to Beck et al. (1992), Green’s

ABSTRACT

Through the present work the authors determined the analytical
solution of a transient two-dimensional heat conduction problem using
Green’s Functions (GF). This method is very useful for solving cases
where heat conduction is transient and whose boundary conditions vary
with time. Boundary conditions of the problem in question, with
rectangular geometry, are of the prescribed temperature type -
prescribed flow in the direction x and prescribed flow - prescribed flow
in the direction y, implying in the corresponding GF given by Gxz1y22.
The initial temperature of the space domain is assumed to be different
from the prescribed temperature occurring at one of the boundaries
along x. The temperature field solution of the two-dimensional
problem was determined. The intrinsic verification of this solution was
made by comparing the solution of a 1D problem. This was to consider
the incident heat fluxes at y = 0 and y = 2b tending to zero, thus
making the problem one-dimensional, with corresponding GF given by
GX21. When comparing the results obtained in both cases, for a time
of t = 1s, it was seen that the temperature field of both was very
similar, which validates the solution obtained for the 2D problem.

Keywords: heat conduction; green’s functions; intrinsic verification;
prescribed temperature; prescribed flow

of heat conduction. They can be applied to the
solution of some convection problems and too many
other phenomena that are described by the same type
of equations. According to Fernandes (2009), an
advantage in the use of integral solutions by this
method is the possibility of constructing
multidimensional solutions from the one-dimensional
GF. The versions of the solution equation 2D and 3D
are absolutely equivalent to the one-dimensional
equation and the GF can be obtained from products
of 1D solution in the various directions.

According to Ozisik (1993), the physical
meaning of GF G(r,t | r’,t) in transient problems is
the representation of temperature at location r at time
t due to a point source instantaneous unity, located at
point r’, releasing energy at time z. Similarly,
Carslaw and Jaeger (1959) define GF as the
temperature distribution caused by a pulse of local
and instantaneous energy. It was emphasized in
Fernandes (2009) the importance of the use of GF in
problems where the boundary conditions vary with

Functions (GF) are very powerful tools to obtain
solutions of linear, transient or permanent problems

time. In this case, the solution is immediately
discarded through the method of separating variables.
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A method for determining the solution
temperature field of a multilayer heat conduction
problem through an inverse problem was evaluated in
Oliveira et al. (2014). The solution of the proposed
problem - double layer heat conduction - was based
on GF. A mathematical analysis, analytical solution,
intrinsic  verification using other solutions and
comparison with a solution was proposed in Ribeiro
et al. (2015) of a transient 1D transient thermal model
based on GF, considering a solid moving at a
constant velocity along a Cartesian coordinate. In
Ribeiro et al. (2018), both the temperature field and
the heat flux supplied to a part during a process with
a moving heat source were investigated in a 3D case
of heat conduction.

A method of transfer function identification (or
impulse response) was presented in Fernandeset al.
(2015) to solve inverse heat conduction problems.
The technique is based on GF and on the equivalence
between thermal and dynamic systems. Inverse heat
conduction problems, 1D and 3D transients called
X22 and X33Y33Z33, respectively, are selected to
present the fundamentals of the proposed method.
Transient case 1D is a classical heat conduction
problem used to obtain thermophysical properties and
the transient 3D problem studied describes a
machining process.

The objective of this work is to use Green’s
Functions to solve analytically a transient two-
dimensional heat conduction problem. In addition,
the intrinsic verification of the solution obtained will
be performed.

GRENN’S FUNCTIONS FUNDAMENTALS

It’s considered the non-homogeneous three-
dimensional heat conduction problem with heat
generation in the region R, given by Eq. (1)to (3).

)

vaT(r, t)+1g(rt) -

t>0 Q)

oT
ki% +h,T=hTe =fi(r,t) inS,t>0 (2)

T(r,t) = F(r) t=0, inR 3)
Where o0/on; denotes the normal gradient of the
boundary surfaces S;, i = 1, 2 ... N, where N is the
number of contour surfaces of the problem; k; and h;
are treated as coefficients that are considered
constant. To solve the problem, we consider the
auxiliary problem, in the same region R:

106G

V2G(r, tir',t) + — 8(r—r)8(t—r) o @
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inRt>t
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G ;
kia—m+hiG =0 insurface S;;t > 1 (5)

Where § (r - r’) is the point heat source located at r’
and J (¢ - ) instantaneous heat supply that occurs
spontaneously at time ¢ = z.Let G(r,t | ;1) be a
Green’s Function. It represents the temperature at
point r, at time t due to a point source of heat, located
at point r’, and release of energy spontaneously at
time ¢ = 7. While (r, t) can be interpreted as the effect,
that is, the temperature of the medium at point r at
time t, (r’, ©) represents an impulse, that is, an
instantaneous generation source at point r’, whose
heat release occurs spontaneously at time t. For the
case of the 3D, transient, non-homogeneous heat
conduction problem given above, the solution for
T(r,t) is expressed in terms of a function of Green
three-dimensional G(r,t | r’,t) as:

T(r,t) =

= [6Etr DeoF (v +
R

t
+E ffG(r,tIr’,r)g(r’,t)dv’dr+ (6)
R

fZN:fG(r tr 1), _rf(rlt) s/t

The first term of Eq. (6) signifies the
contribution of the initial condition function F(r) to
the temperature distribution, that is, the GF evaluated
for T = 0 is multiplied by F(r) and integrated along the
region R. The second term of Eq. (6) refers to the
contribution of the general term (R,t) in the
temperature distribution T (r,t), that is, the GF
multiplied by the integrated generation term in the
region R and the time from T = 0 to t. The third term
of Eg. (6) brings the contribution of the
nonhomogeneous term fi(r,t) of the boundary
conditions in the temperature distribution, consisting
of the function (T), which is integrated in the
boundary surface and in the time fromt=0to t.

ANALYTICAL SOLUTION

As can be seen in Fig. 1, the proposed problem
2D is of the type X21Y22. It is worth noting that at y
=0and at y = 2b, there is a heat fluxat 0 <x <b, and
at b < x < 2b there is thermal isolation. In this way,
Eq. (7) represents GX21Y22.

Figure 2 shows the temperature field at t =10 s
and t = 100 s, respectively. Dimensions and
thermophysical properties considered for this analysis
were x =y = 100 mm, b =50 mm, k = 14.9 Wm'K?,
o =3.95 x 10° m%™, q0” = 10* Wm?, q2” = 2x10*
Wm?, T1 =303.15 K and TO = 283.15K.
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Gx21v22 = B2 x
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Figure 1. Proposed problem.

Initial and boundary conditions are described
from Eq. (8) to Eq. (14).

T(xy,0) =T, (8)
T
~koxl_, =0 ©)

T(Xr yr t)|x=2b = Tl (10)
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oT
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ay|y=0 d, in 0<x<b (12)
aT
kel =0 in bsxs gy
ay y=0
oT
k= =g in 0sxsb (g
ay y=b
aT
—k— = i <x<
kay|y—b 0 in b<x<2b (14)

Using Eq. (5), solution temperature field will be
given by Eq. (15).

=2T, [i e[_(%])zm cos <%) senB(Bm) +

+2 i oG8 ] o (T sen(mm)

2b mm

20/ PBm
m=1 (15)

{1 - e[_(?‘?)z‘“]}

2bT, © B X
T ZCOS <E) B N

o <M) sen (Bm)} N

(15.1)

In order to validate this solution, intrinsic
verification was performed, where the heat flux
incident on the flat plate of Fig. 1 were reduced to the
point where they tended to zero. Thus, the problem
becomes one-dimensional in the x-direction, where
GX21 is the GF for this case.

Figure 4 shows that the temperature fields of
cases 1D and 2D are similar for the time evaluated.
Figure 5 shows that there is a residual difference
between the cases presented, for t = 1 s. Since the
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order of magnitude of this residual value is very
small, it can be said that the solution of the 2D case is
validated.
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Figure 2. Temperature field T(x,y,t) att =10s.
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Figure 3. Temperature field T(x,y,t) at t =100 s.

305
—=—1D |4
-2D
300 -
¢
€ 25 i
5
g &
5 20 B
= |
¥
280 i ; ’
0 20 40 60 80 100

Width (rm)

Figure 4. Temperature along the plate at y = 50 mm
att=1s.
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Figure 5. Residual temperature difference between
cases 1D and 2D.

CONCLUSIONS

A 2D problem was presented, whose
corresponding Green’s Function is given by
GX21Y22. Given the initial and boundary conditions,
is obtained the solution temperature field of the
proposed problem, whose validation was performed
by admitting the heat fluxes incidentat y=0and y =
2b tending to zero, which makes the proposed
problem a problem 1D, with corresponding GF given
by GX21. Subsequently, temperature curves of both
cases were evaluated for y =50 mmand t =10 s. It
was observed that the determined temperature fields
are the same for the evaluated time, validating the
temperature field obtained for the 2D problem.
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