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ABSTRACT 
 
This article addresses finite element approximations for elasto-viscoplastic 
flows. Numerical simulations aiming at investigating the role of elasticity 
for inertialess flows of viscoplastic materials within lid-driven cavity.The 
mechanical model is made up of the usual governing equations for 
incompressible fluids coupled with a Oldroyd-B type equation (de Souza 
Mendes, 2011) modified to incorporate the dependency both of relaxation 
and retardation time as the viscoplastic viscosity on the strain rate. These 
parameters depend on the material microstructure, which level is described 
by an structure parameter λ . This model is approximated by a multi-field 
Galerkin least-squares formulation (Behr et al., 1993) in terms of extra-
stress tensor, the pressure field and the velocity vector. Results, focused on 
the determination of yield surface topology, investigate the influence of 
elastic and viscous governing parameters on the flow pattern. 
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NOMENCLATURE 
 
D strain rate tensor (s-1) 
f bofy force (N) 
Lc Characteristic length (m) 
p hydrostatic pressure (Pa) 
u velocity vector (m/s) 
x coordinate vector (m) 
 
Greek symbols 
 
α stability parameter for momentum equation 
γ strain rate, s-1 
ρ density, kg/m3 

τ extra-stress magnitude (Pa) 
τ extra-stress tensor (Pa) 
μ viscosity (Pa.s) 
 
Superscripts 
 
* dimensionless variables 
 
INTRODUCTION 
 

Elastic and viscous effects in the inertialess flow 
of elasto-viscoplastic fluids inside a lid-driven cavity 
are analyzed in the present work. The main feature of 

non-Newtonian fluid presented in this work and that 
is present in a large variety of materials present in the 
petroleum industry, cosmetic and food products, is 
that this material has a behavior that depends on the 
value of the yield stress is below the stress initial 
flow. The main characteristic of the viscoplastic 
fluids is that below the "yield stress" they are highly 
structured materials with very high viscosities. When 
submmited to stresses above the yield limit their 
structure breaks, a deep viscosity decay occurs and 
they behave as purely viscous fluids, with constant or 
shear thinning viscosity. 

Viscoplastic fluids can present elasticity and 
thixotropy. Recently, an Oldroyd-B type constitutive 
equation was proposed by (de Souza Mendes, 2009) 
to model the behavior of elasto-viscoplastic fluids, 
and also thixotropy. The equation involves the 
determination of a structure parameter to describe the 
fluid microstructure, with the aid of an aditional 
equation that has to be solved together with the 
conservation and constitutive equations. 

Some works in the literature present numerical 
studies of viscoplastic fluid flows with no elasticity 
or thixotropy (e.g. (Alexandrou et al., 2001b); 
(Alexandrou et al., 2001a); (Alexandrou et al., 
2001a); (Besses et al., 2003); (Burgos and 
Alexandrou, 1999); (Burgos et al., 1999); (Mitsoulis 
et al., 2006); (Naccache and Barbosa, 2007); 
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(Mitsoulis et al.,1993); (Hammad et al., 2001); (Liu 
et al., 2002); (Zisis and Mitsoulis, 2002); and (Roquet 
and Saramito, 2003)). All these works neglected 
inertia effects, and employed regularized equations 
proposed by (Papanastasiou, 1987), by (Bercovier 
and Engelman, 1980) or by (de Souza Mendes and 
Dutra, 2004)) to model fluid viscosity. Regarding 
thixotropy and elasticity, there are not so many works 
that consider this kind of behavior either because 
modeling is still a challenge, or because of the lack of 
experimental data ((Barnes, 1997); (Mewis, 1979); 
(Mewis and Wagner, 2009), (de Souza Mendes and 
Thompson, 2012)). In a previous work, (Martins et al. 
2013) analyzed the performance of a elasto-
viscoplastic fluid in the lid-driven cavity problem. 

In this work, we solve the lid-driven cavity 
problem with the constitutive equation proposed by 
(de Souza Mendes, 2011), using a three-field 
Galerkin least-squares (GLS) finite element 
formulation. The formulation is able to successfully 
capture the elastic and viscous effects present in the 
current model, even making use of an equal-order 
combination of linear Lagrangian finite element 
interpolations. The role of elasticity, yield stress, 
shear-thinning and kinematics on the flow pattern are 
presented and discussed. 
 
MECHANICAL MODELING 
 

The mechanical model is written primarily by 
the conservation equations of mass and momentum, 
given by: 

  
div 0u in= Ω  (1) 

  

( )u u p divρ ∇ + − 0f inτ − = Ω  (2) 
  

where u is velocity vector, P p ρφ= + is the 
modified pressure, p is the pressure, ρ  is the fluid 
density, and is the g φ= −∇  is the gravitational 
force per unit mass. 

The constitutive equation of the model adopted 
in this work for the extra-stress tensor 1T pτ = +  is 
given by: 

  

1 2y inτ θ τ η θ γ
∇ ∇ + = + Ω 

 



  (3) 

  

Where ty u u= ∇ +∇  is the rate of deformation 
tensor field, and the upper-convected time derivatives 
of τ  and y  are given by: 

  

. .Td u u
dt
ττ τ τ

∇

= − ∇ −∇  (4) 

. .Td u u
dt
γγ γ γ

∇

= − ∇ −∇




   (5) 

  
where ( ) ( ) ( )d * dt= * . *t u∂ ∂ + ∇  is the material 
time derivative. 

In this model, its rheological parameters, 
viscosity function ( )η , relaxation time 

1 1 eq

eq eqG

ηη
θ

η
∞= −

 
 
 

and retardation time 

2 1
eq eqG

η η
θ

η
∞ ∞= −

 
 
 

 are written in terms of a 

parameter structure λ , which evolves with the time 
that the fluid is being submitted to the certain stress. 
This structure parameter is time dependent, we can 
just assign it to a thixotropic behavior. In the model 
used in the present work, the evolution equation for 
λ  is given by: 

  

( ).d u
dt t
λ λ λ∂
= + ∇ =
∂

  

( ) ( )1 1 1 eq
eq eqt

λλ λ
λ

  
− − −      

 (6) 

  
where the RHS is composed of a (positive) buildup 
term and a (negative) breakdown term de Souza 
Mendes (2009).  

The parameter eqt  is the equilibrium time, 
which physically means a time scale for the 
microstructure buildup process. It can be easily 
observed that when 0eqt →  the fluid structure 
instantaneoulsy develops to its equilibrium state and 
no thixotropic behavior is observed. This situation 
result in a purely elasto-viscous behavior, and is the 
situation analyzed in the present work. The relation 
between the structure parameter and the equlibrium 
viscosity is given by: 

  

( ) ( )
0

ln ln
ln ln

eq
eq

y
y

η η
λ

η η
∞

∞

−
=

−



  (7) 

  
where 0η  is the zero-shear-rate viscosity and 

21 2y try=   is the intensity of y . The 

equilibrium structure parameter eqy  is a scalar 

quantity that varies within the range [0,1]. It gives a 
measure of the structuring level of the microstructure, 
i.e., 0eqλ =  when the structuring level is minimum, 

and 1eqλ =  when the material is fully structured. 
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Therefore, the eqλ  can thus be seen as a normalized 
equilibrium viscosity function, since there is a one-to-
one relationship between structure and viscosity 
levels. 

As seen, the relaxation time and retardation time 
are written in terms of the infinite-shear-rate viscosity 
η∞ , the equilibrium viscosity eqη  and the 
equilibrium elastic modulus (de Souza Mendes and 
Thompson, 2012b), given by: 

  
1 1

0
eq

m

eqG G e λ

 
 −  
 =  

(8) 

  
where G0 is the structural elastic modulus of the fully 
structured material, and m is a positive scalar 
parameter that dictates the sensitivity of Geq with 

eqλ . In this equation, it can be observed that its 
lowest value (i.e., highest relaxation and retardations 
times) occurs at the highest value of λ , and it 
increases as λ  decays. This function is chosen to 
simulate the elastic behavior of viscoplastic fluids at 
the regions of low stress values, i.e., where the stress 
is below the yield stress. 

In this work, we employed the following 
expression for the equilibrium viscosity (de Souza 
Mendes and Dutra, 2004): 

  

( )eq yη =   

101 exp y n

y

y Ky
y
τη η

τ
−

∞

    −
− + +          







 (9) 

  
where yτ  is the yield stress, K the consistency index, 

and n the power-law index. 
The fluid behavior is characterized by three 

different regions in the flow curve, namely the end of 
the highest viscosity plateau 0y , the begining of the 

power law viscosity behavior 1y  and the begining of 

the lowest viscosity plateau 2y , respectively: 
  

0
0

yy
τ
η

= , 
1

1

n
yy

K
τ 

=  
 

 , 
1 1

2

n

y
K
η −
∞ =  

 
  (10) 

  
where 0η  is the low shear rate viscosity plateau 

yτ ,is the yield stress, K is the consistency index, n 

the power-law index and η∞  is the high shear rate 
viscosity plateau. 

The governing dimensionless equations for non-
thixotropic, steady creeping flows are given by: 

*
1t ty=  , * xx

L
= , *

1

uu
y L

=


, *

1

yy
y

=






 (11) 

  

*

y

PP
τ

= , *

y

ττ
τ

= , 1* eq
eq

y

η γ
η

τ
=



 (12) 

  
where the superscript * indicates that the variable is 
dimensionless. Using these definitions, the 
dimensionless versions of the governing equations for 
steady creeping flows are given by: 

  
* * *. 0u in∇ = Ω  (13) 

  

( )* * * * * * * *0u u p div f inρ τ∇ +∇ − − = Ω  (14) 

  

( ) ( )* * * * * * *
1 22 v inτ θ λ τ η λ γ θ γ

∇ ∇ + = + Ω  



  (15) 

  
*

eqinλ λ= Ω  (16) 

  
where, ( ) ( )*

1i iθ λ θ λ γ=   the dimensionless 

relaxation time, ( )* * * * *1
2

Tu uγ = ∇ +∇ , and 

( ) ( ) ( )* * * * * * * * * *. . .
T

u u uτ τ τ τ
∇

= ∇ − ∇ − ∇ . The 

dimensionless viscosity, relaxation and retardation 
times are given by, respectively: 

  

( )* *
eqη γ =   

( )( )* * 1 *
*

1
1 exp 1 nJ γ γ η

γ
−

∞− − + + +
       

 



 (17) 

  

( )
*

* *
1 *

0

eq

G
η

θ γ α= , ( )
*

* *
2 *

0G
ηθ γ α ∞=  (18) 

  
where 

  

( )
( )( )

*1

exp 1 1eqm

η
α

λ
∞−

=
−

 (19) 

  
The following governing parameters may be 

identified from the above equations: 
  

1 1
1 0

0 1
0

1
n

y
n

y yJ
y K

τ
η

− −
= = −  

 

 



 (20) 
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*

1

cu
U

Lγ
=


 (21) 

  
where the dimensionless velocity *U  arises from the 
boundary condition at the cavity lid, which controls 
the flow intensity inside the cavity. The parameter J  
gives a relative measure of the colapse of the material 
microstructure (see de Souza Mendes, 2007 for more 
details). 
 
Numerical Approximation 
 

To approximate the mechanical model described 
above it was employed a multi-field stabilized 
Galerkin least-squares formulation in therms of 
velocity, pressure and extra-stress. The classical 
Galerkin method does not guarantee stable 
approximations, may generate solutions without 
physical meaning and numerical pathologies for 
mixed incompressible fluid flows. The inherent 
difficulties associated to the Galerkin method are due 
to the compatibility of velocity and pressure finite 
element subspaces, e.g., the need to satisfy the 
Babuška-Brezzi condition involving these subspaces, 
a condition which was established by Babuška and 
Brezzi in the early 70's. The velocity and pressure 
subspaces may not be spanned by any arbitrary 
combination of finite element interpolations and, in 
the case of this work, which employs a multi-field 
formulation, another compatibility condition must be 
imposed on the choice of the stress and velocity 
subspaces. The alternative to remedy Galerkin 
deficiencies adopted here for incompressible fluid 
flows was to change the classical Galerkin 
formulation – adding mesh-dependent terms, which 
are functions of the residuals of flow governing 
equations, evaluated element-wise – and use simple 
Lagrangean elements. 

The Fig. 1 schematically shows the cL x cL  
geometry with the employed boundary conditions: 
uniform unitary velocity in the 2x  direction on the 

top wall and non-slip condition ( 0)u =  at the 
remaining walls. For all computations, it is used a 
mesh with 10000 elements, with 10201 nodal points. 

A mesh independence procedure evaluating the 
relative error of the extra-stress magnitude is 
performed. The Fig. 2 shows a detailed view of the 
stress profile at *

1 0.5x = . Despite results are almost 
coincident for the meshes investigated (errors below 
3%), the more refined mesh tested – with 100 Q1 
finite elements and 10,201 nodal points, which 
produces a smallest value of its non-dimension 
element size 

min

* 21.41.10K Kh h L −= =  is selected 
in order to guarantee more accurate approximations 
close the cavity corners. 

 
 

Figure 1. The geometry. 
 

 
 

Figure 2. The independence mesh. 
 

Numerical results 
 

All the simulations are obtained for steady 
flows, neglecting inertia and thixotropy * 0eqt → , 
i.e., the material structure changes imediately after 
being submitted to a certain stress level. Also, all the 
results are obtained for negligible retardation times. 
The results show the effects of the rheological 
parameters and of the lid cavity velocity on the yield 
surfaces. The yield surfaces are defined as the locus 
of points in which the magnitude of the strain rate is 
below the lowest shear rate value for which the 
viscosity equals the higher viscosity plateau where 

0η η= , i.e., when, 0y y<   (dos Santos et al., 2011). 

All the results are obtained for * 0.01η∞ = . 
The Figure 3 show the influence of the elasticity 

of yield surfaces. The black regions represent the 
unyielded zones 0y y<  , while the white regions 
represent the yielded zones. As fluid elasticity 
increases, it can be observed that there are two 
unyielded zones, one symmetric (excepet Fig.3.(d)), 
attached to the bottom wall and another one, non-
symmetric, closer to the upper wall, located in the 
core of a flow recirculating zone. Elasticity is 
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stronger inside the unyielded regions. Its effect is to 
increase the stress levels and the deformation rates, 
which in turn reduces the size of the unyielded 
regions. 

 

(a) 
 

(b) 
 

(c) 
 

(d) 
 

Figure 3. Yield surfaces: effect of the elasticity: 
1000J = , 0.5n = , * 0.05U = , (a) *

0 100G = ; 

(b) *
0 20G = ; (c) *

0 5G = ; (d) *
0 1G = . 

 
The effect of the lid cavity velocity is shown in 

Fig. 4 for 1000J = , 0.5n = , and *
0 10G = . As 

expected, increasing the lid velocity (which is 
equivalent to decrease the yield stress) leads to 
smaller (upper and bottom) apparently unyielded 
regions due to higher levels of velocities and 
consequently, higher deformation rates as well. 
Again, due to elasticity (recall that there is no 
inertia), the flow pattern is non symmetric and the 
stress and strain levels are higher. 

 

(a) 
 

(b) 
 

(c) 
 

(d) 
 

Figure 4. Yield surfaces: effect of lid velocity for: 
*
0 10G = , 0.5n =  and 1000J = , (a) * 0.01U = ; 

(b) * 0.05U = ; (c) * 0.1U = ; (d) * 0.2U = . 
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The influence of the elasticity in the elastic 
strain is show in the Figure 5. The highest values of 
elastic strain are near from apparently unyielded 
regions, since the strain rate within the apparently 
unyielded regions is low. According to the increase in 
elasticity, the field of elastic deformation increases 
within the cavity. 

 

 
 

 
 

 

 
 

Figure 5. Elastic Strain for: 1000J = , 0.5n =  
and * 0.05U = , (a) *

0 100G = , (b) *
0 20G = ; 

(c) *
0 5G = ; (d) *

0 1G = . 
 

CONCLUSIONS 
 

The numerical simulation, besides the usual 
viscous effects on the morphology and location of 
unyielded regions, confirm the relevant role of 
elasticity for an accurate determination of yield 
surfaces, namely, the monotonic increase of elasticity 
gives rise to more and more asymmetric yield 
surfaces. And from a certain velocity, as shown in 
Figure 4 (d), happens a separation of apparently 
unyielded regions because the higher the speed, the 
inertia effect is stronger. 
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