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ABSTRACT  
 
Heterogeneous media with multiple spatial scales are finding increased 
importance in engineering. An example might be a large scale, otherwise 
homogeneous medium filled with dispersed small-scale particles that form 
aggregate structures at an intermediate scale. The objective in this paper is 
to formulate the strong-form Fourier heat conduction equation for such 
media using the method of reiterated homogenization. The phases are 
assumed to have a perfect thermal contact at the interface. The ratio of two 
successive length scales of the medium is a constant small parameter .ε  
The method is an up-scaling procedure that writes the temperature field as 
an asymptotic multiple-scale expansion in powers of the small parameter .ε  
The technique leads to two pairs of local and homogenized equations, 
linked by effective coefficients. In this manner the medium behavior at the 
smallest scales is seen to affect the macroscale behavior, which is the main 
interest in engineering. To facilitate the physical understanding of the 
formulation, an analytical solution is obtained for the heat conduction 
equation in a functionally graded material (FGM). The approach presented 
here may serve as a basis for future efforts to numerically compute effective 
properties of heterogeneous media with multiple spatial scales. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Keywords: heat conduction, heterogeneous media, reiterated 
homogenization, formal asymptotic solution, functionally graded material 

 
 
NOMENCLATURE 
 
f        density of the heat sources, W/m3 
K  conductivity tensor, W/(m·K) 
K̂        effective conductivity tensor, W/(m·K) 
T        temperature, °C 
x        spatial variable at the macroscale, m 
y        spatial variable at the first microscale, m  
Y        Periodic cell at the first microscale 
z        spatial variable at the second microscale, m  
Z       Periodic cell at the second microsscale 
 
Greek symbols  
 
ε  dimensionless small positive parameter 
Χ  solution of local problems on Y  

yΧ  solution of local problems on Z for y Y∈  

Ω  an open connected bounded subset of 3   
∂Ω  boundary of Ω  
 
INTRODUCTION 
 

In some recent engineering applications it has 
become important to know the macroscopic behavior 
of heterogeneous materials in terms of several 
different microscopic levels. Reiterated 
homogenization is a mathematical technique for 
deriving the effective coefficients for such type of 
complex media. From the mathematical point of 
view, the homogenization process allows to 
transform problems involving systems of partial 
differential equations with rapidly oscillating 
coefficients in others, wherein the coefficients are not 
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rapidly oscillating, and are the so-called effective 
coefficients. To demonstrate proximity between the 
solutions of the original and the homogenized 
problems is the key for the mathematical justification. 
Classical studies of the linear elliptic partial 
differential equation can be found, for instance, in 
Panasenko (2008) for two-scale media, and in 
Bensoussan et al. (1978) and Allaire and Briane 
(1996) for media with two or more spatial scales. 

As an application-oriented study, the aim of this 
work is to; first, describe didactically the formal 
procedure of the reiterated homogenization method 
for the Fourier heat conduction equation with 
differentiable coefficients. Second, the formulation is 
employed to obtain the effective properties of a 
conductive functionally graded material -- FGM 
(Mahamood et al., 2012; Paulino et al., 2009; Yin et 
al., 2005) with periodic, rapidly oscillating, isotropic, 
and infinitely differentiable coefficients. The 
approach presented here may serve as a basis for 
future efforts to numerically compute effective 
properties of heterogeneous media with multiple 
spatial scales, and may be useful for the development 
of behavioral models to be embodied in a broader 
multi-material design method (Wargnier et al., 2014). 

Let Ω  be a three-dimensional open connected 
bounded subset with a sufficiently smooth boundary 
∂Ω . The domain Ω  extends over the spatial 
coordinate x . Two structural levels are considered, 
such that ε  denotes the small positive parameter that 
is the ratio of two successive length scales of the 
medium. Thus, the fast variables y  and z  are 

defined, /ε=y x , 2/ /ε ε= =z y x . The components of 

the conductivity tensor ( ) ( , ) ( , )ij ij ijk k kε ε= =x x y z  
are Y Z× -periodic differentiable functions.  

The formalism of the reiterated homogenization 
method is here applied to the following family of 
boundary value problems depending on ε , 

  

ij
i j

Tk f
x x

ε
ε ∂ ∂

=  ∂ ∂ 
, in Ω  (1) 

  
0T ε = , on ∂Ω  (2) 

  
where ( )T ε x  is a scalar field, ( )ijkε=K  is a 
symmetric and positive definite matrix-valued 
function, and ( )f C∞∈ Ω . Physically, problem (1)-

(2) may govern the temperature field T ε  set up by 
heat conduction in a medium with thermal 
conductivity K . 

By applying the reiterated homogenization 
method, the family of problems (1)-(2) yields 

  
2

îj
i j

Tk f
x x
∂

=
∂ ∂

, in Ω  (3) 

0T ε = , on ∂Ω  (4) 
  

where ( )ˆˆ
ijk=K  is a symmetric, positive definite 

matrix with constant entries. The new problem (3)-(4) 
is called the homogenized problem. The entries of K̂   
are the effective coefficients which determine the 
macroscopic behavior of the heterogeneous medium. 

 
HOMOGENIZATION: LOCAL AND 
HOMOGENIZED PROBLEMS, AND 
EFFECTIVE COEFFICIENTS 

 
In this section, following Bensoussan et al. 

(1978) and Bakhvalov and Panasenko (1989), the 
reiterated homogenization method is applied to the 
problem (1)-(2). The following operators and 
notations are used in this section: 

 

1 2 3

4 5

,

, , ,

,

pq ij
i j

zz yz zy xz yy zx

xy yx xx

L k
p q

L L L L L L L L L

L L L L L

ε∂ ∂ =  ∂ ∂ 

= = + = + +

= + =

 

 
The formal asymptotic solution of (1)-(2) is 

sought in the form 
  

2
0 1 2
3 4

3 4

( ) ( , , ) ( , , ) ( , , )

         ( , , ) ( , , ) ,

T T T T

T T

ε ε ε

ε ε

= + +

+ + +

x x y z x y z x y z

x y z x y z 
 (5) 

  
where iT  are differentiable functions, and Y -periodic 
with respect to y  and Z -periodic with respect to z . 
The operator / ix∂ ∂  for a function ˆ( ) ( , , )v v v= =x x y z  
is thus determined using the chain rule,  

  
ˆ i i

i i i i i i i

y zv v v v v
x x x y x z x

∂ ∂∂ ∂ ∂ ∂ ∂
= = + +

∂ ∂ ∂ ∂ ∂ ∂ ∂
  

, (6) 

  
such that 

  

2
1 1

i i i ix x y zε ε
∂ ∂ ∂ ∂

= + +
∂ ∂ ∂ ∂

. (7) 

  
Applying Eq. (7) to the left-hand side of Eq. (1) 

yields 
  

2

2

1 1

1 1              ,

ij
i j i i i

ij
j j j

Tk
x x x y z

T T Tk
x y z

ε
ε

ε ε ε
ε

ε ε

ε ε

 ∂ ∂ ∂ ∂ ∂ = + +    ∂ ∂ ∂ ∂ ∂  
  ∂ ∂ ∂

× + +    ∂ ∂ ∂  

 (8) 

  
or, equivalently, 
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4 1 3 2

2 3 1 4 0 5                    .

ij
i j

Tk L T L T
x x

L T L T L T

ε
ε ε ε

ε ε ε

ε ε

ε ε ε

− −

− −

 ∂ ∂
= +  ∂ ∂ 

+ + +

 (9) 

  
Using Eq. (7), Eq. (1) becomes 

  
( )4 1 3 2 2 3 1 4 0 5L L L L L T fεε ε ε ε ε− − − −+ + + + = . (10) 

  
Substituting the asymptotic expansion of T ε  up 

to 4ε , Eq. (5), into Eq. (10), one obtains  
  

( )

( )
4 1 3 2 2 3 1 4 0 5

2 3 4
0 1 2 3 4           .

L L L L L

T T T T T f

ε ε ε ε ε

ε ε ε ε

− − − −+ + + +

× + + + + =
 (11) 

  
Equating to zero the terms corresponding to 

equal powers of ε , up to 0ε , the following recurrent 
chain of equalities is obtained: 

  
from 4ε − , 1

0 0L T = , (12) 
  

from 3ε − , 1 2
1 0L T L T= − , (13) 

  
from 2ε − , 1 2 3

2 1 0L T L T L T= − − , (14) 
  

from 1ε − , 1 2 3 4
3 2 1 0L T L T L T L T= − − − , (15) 

  
from 0ε , 1 2 3 4 5

4 3 2 1 0L T L T L T L T L T f= − − − − + . (16) 
  

Note that all the equations (12)-(16) have a 
similar form, 

  
1 i

i

G
LU F

z
∂

= +
∂

, (17) 

  
where 1L  involves z  only, and U  and iG  are Z -
periodic. For Eq. (15), Bakhvalov and Panasenko 
(1989) proved that 

  
0ZF =  (18) 

  
is a necessary and sufficient condition for the 
existence of a periodic solution, and the latter is 
unique perhaps up to an additive constant. The 
angular brackets denote the average of the function 

F  over the periodic cell Z ( )1

Z
Z Fd−

∫ z .  

By applying condition (18) to Eq. (12), one 
concludes that 0T  is a function of x  and y  only, or 

  

0 0 ( , )T T= x y . (19) 
  

Inserting Eq. (19) into Eq. (13), one obtains 
  

1 0
1

ij

i j

k T
L T

z y
∂ ∂

= −
∂ ∂


, (20) 

  
such that a solution to Eq. (20) can be represented as 

  

0
1 1( , , ) ( ) ( , ) ( , )y

T
T T

y
χ

∂
= − +

∂
x y z z x y x y




 , (21) 

  
where ( )yχ z  is the solution of the local problem, or 
cell problem, described next. 
First Local Problem: For each ,Y∈y find the 
parametric family of Z -periodic functions 

{ }( )j
y y Y

χ
∈

z , such that  

  
( )

0,    in Z,
j
y

ij il
i l

k k
z z

χ ∂∂  − − =
 ∂ ∂ 

z
 (22) 

  
( ) 0.y Z

χ =z  (23) 

  
With Eq. (19), Eq. (14) simplifies to 

  
1

2 1 1 0 0zy yz zx yyL T L T L T L T L T= − − − −  , (24) 
  

which, given Eq. (21) can be rewritten as 
  

1
2 1 0

0
0

zy zx

y
yy ij

i j

L T L T L T

T
L T k

y z y
χ

= − −

 ∂ ∂∂  − +
 ∂ ∂ ∂ 










. (25) 

  
From Eq. (18), the necessary and sufficient 

condition to be held for the solvability of Eq. (25) in 
the class of Z -periodic functions is 

  

0
0 0,y

yy ij
i j Z

T
L T k

y z y
χ ∂ ∂∂  − + = ∂ ∂ ∂ 






  (26) 

  
or, removing the y -derivatives and using Eq. (19), 

  

0 0.y
il ij

i j Z

T
k k

y z y
χ ∂ ∂∂  − − =

 ∂ ∂ ∂ 






 (27) 

  
Next, by introducing the operator 

  

1 ( )ij
i j

k
y y
 ∂ ∂

Λ ≡ −   ∂ ∂ 
y  (28) 
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with 
  

1 ( ) y
il il ij

j Z

k k k
z
χ∂

≡ −
∂

y


, (29) 

  
Eq. (27) takes the more compact form 

  

0 0TΛ = . (30) 
  

Eq. (30) constitutes the intermediate 
homogenized problem, whose effective thermal 
conductivity tensor is 1 ( )ijk y , which preserves the 

symmetry and positive definiteness properties of ijk . 
Using a similar argument as that for the 

deduction of Eq. (19) from Eq. (12), one concludes 
from Eq. (30) that  

  

0 ( )T T= x . (31) 
  

Substituting Eq. (31) into Eq. (21) for 1T  yields 
  

1 1( , )T T= x y . (32) 
  

Now substituting Eq. (31) and Eq. (32) into Eq. 
(25) yields 

  

1 1
2

( , )ij

i j j

k TTL T
z x y

 ∂ ∂∂
= − +  ∂ ∂ ∂ 

y z 
. (33) 

  
In analogy to Eqs. (20)-(21), a solution to Eq. 

(33) can be represented as 
  

1
2

2

( , )( )( , , ) ( )

                     ( , )

l
y

l l

TTT
x y

T

χ
 ∂∂

= − + ∂ ∂ 
+

x yxx y z z

x y





. (34) 

  
Considering Eq. (31) and Eq. (32), Eq. (15) 

transforms to 
  

1
3 2 2 1 1yz zy yy zx yxL T L T L T L T L T L T= − − − − −  . (35) 

  
Substituting into Eq. (35) the expression (34) 

for 2T  yields 
  

1 1
3

1 1

2
1 2 1

     

    

l
y

ij
i j l l

ij ij
i j i j

l
ij y ij ij

i j l j j

TTL T k
y z x y

T Tk k
y y y x

T T Tk k k
z y y y x

χ

χ

 ∂  ∂∂ ∂ = +  ∂ ∂ ∂ ∂  
   ∂ ∂∂ ∂

− −      ∂ ∂ ∂ ∂   
 ∂ ∂ ∂∂

− − + +  ∂ ∂ ∂ ∂ ∂ 



 

  

. (36) 

Applying once again the solvability condition 
(18) to Eq. (3), one obtains 

  

1
1

1

j
y

ij ilZ Zi l j

j
y

ij il pZ Zp i l j

k d k d T
y Z z y

T k d k d y
x y Z z y

χ

χ

  ∂ ∂ ∂ − −  ∂ ∂ ∂   
  ∂ ∂ ∂ ∂ = −  ∂ ∂ ∂ ∂   

∫ ∫

∫ ∫

z z

z z



 (37) 

  
Using the definition of the operator Λ , Eq. (37) 

becomes 
  

( )1 j
j

TT y
x
∂

Λ = − Λ
∂

 . (38) 

  
It is now possible to separate variables x  and 

y , and write 1T  as 
  

1 1
( )( ) ( )j

j

TT T
x

χ ∂
= − +

∂
xy x  . (39) 

  
The expression (34) for 2T  thus becomes 

  

2

2

( ) ( ) ( )( )

   ( , )

j
l
y

l l j

T TT
x y x

T

χχ
 ∂ ∂ ∂

= − +  ∂ ∂ ∂ 
+

x y xz

x y

 (40) 

  
Substituting Eq. (39) into Eq. (38), one obtains 

the local problem, or cell problem, described next. 
 

Second Local Problem: Find jχ , Y -periodic,  such 
that  

  

( ) 1 1 0,  in .
j

j
j ij il

i l
y k k Y

y y
χχ

 ∂ ∂
Λ − ≡ − − =  ∂ ∂ 

 (41) 

  
The solution jχ  can be determined up to an 

additive constant. Possible discontinuities of 1
ijk  are 

not considered here.  
 
From Eq. (18), the necessary and sufficient 

condition for the existence of a Z -periodic solution 
of Eq. (16) is 

  
( )
( )

3 2

1 0          

yz xz yy Z

xy yx xx Z

L T L L T

L L T L T f

+ +

+ + + =
. (42) 

  
In view of Y -periodicity, on applying the 

operator Y⋅ to both sides of Eq. (42) ones obtains  
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2 1 0xz xy xx YZ Y
L T L T L T f f+ + = = . (43) 

  
Substituting the expressions (31), (39), and (40) 

for 0T , 1T  and 2T , respectively, into Eq. (43), and 
doing the algebra straightforwardly, leads to the 
homogenized equation, Eq. (3), whose components of 
the effective conductivity tensor are defined by 

  

ˆ
j m j
y y

ij ij il im il
l l m Y Z

k k k k k
z z y
χ χ χ

×

   ∂ ∂ ∂   = − − −   ∂ ∂ ∂   
 (44) 

  
Clearly, Eq. (44) can be rewritten as 

  

1 1ˆ
j

ij ij il
l Y

k k k
y
χ∂

= −
∂

, (45) 

  
so that it incorporates the homogenization results 
from the previous level Z . It is worth noting that the 
effective tensor defined by Eq. (44) is symmetric and 
positive definite. 
 
APPLICATION TO A FUNCTIONALLY 
GRADED MATERIAL 
  

In this section the particular case of a periodic 
functionally graded material (FGM) is considered, 
whose coefficients ( ) ( , )ij ijk kε =x y z  are rapidly 

oscillating, isotropic ( ( ) ( ) ( , )ij ij ijk k kε ε δ δ= =x x y z ), 

infinitely differentiable ( ( ) ( )ijk Cε ∞∈ Ωx ), and 

positive-definite ( 230 : ij i jc k cηη∃ > ∀ ∈ ≥η η ,  

( ) 2
1 2 3, , , i iη η η ηη= =η η ). Because the coefficients 

are infinitely differentiable, it is not necessary to 
impose contact conditions on the constituents’ 
interfaces. 
       The procedure of the previous section is here 
applied to a periodic FGM (Paulino et al., 2009) with 

( ) ( , )k kε =x y z  being [ ] [ ]0,1 0,1Y Z× ≡ × -periodic 
and given, with respect to some reference 
conductivity, by the trigonometric function 

  

( ) ( )1 2
1 1 1 1

1 2

1 0.25sin 2 sin 2 ,( )
1,

x x xk
x

ε πε πε− − + ∈Ω= 
∈Ω

x  (46) 

  
where [ ]1 ( 1) , ( 0.5)n nε εΩ = − − , [ ]2 ( 0.5) ,n nε εΩ = − , or  

  
( ) ( )1 1 1 1 1 1

2 2 2 2

1 0.25sin 2 sin 2 , ( , ) ,
( , )

1, ( , ) ,
y z y z Y Z

k
y z Y Z

π π + ∈ ×= 
∈ ×

y z  (47) 

  

where [ ]1 1, 0.5Y n n= − − , ( ) ( )1 1
1 1 , 0.5Z n nε ε− − = − −  , 

[ ]2 0.5,Y n n= − , and ( ) 1 1
2 0.5 ,Z n nε ε− − = −  .  

 It is considered that the small parameter ε  takes 
values in the succession {1 : }n n∈  such that kε  

has periods ε  and 2ε . The local function is seen to 
depend on the fast variables 1y≡y  and 1z≡z  only. 
Figure 1 illustrates the rapidly oscillating character of 
the function ( )kε x for various values of ε .  

 

 
 

Figure 1. An illustration of the rapidly oscillating 
character of the function 1( ) ( )k xε =x x  defined by 

Eq. (46).  
 

Figure 2 illustrates the functionally graded 
behavior of the conductivity ( , )k y z  by considering 
the periodic part [ ] [ ]0,1 0,1×  of its domain of 
definition. For the FGM characterized by Eq. (47), a 
one-dimensional homogenization problem is, 
therefore, obtained, whose periodic cell solutions of 
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Eqs. (22) and (41) must be found, in order to 
calculate the effective conductivity tensor given by 
Eq. (45). 

 

 
 

Figure 2. Periodic part ( 1)n =  of the domain of 
definition of the conductivity function ( , ) k y z of the 

FGM. 
 

First Local Problem: For each ,Y∈y find the 

parametric family of Z -periodic functions { }jy y Y
χ

∈
, 

such that  
  

1 11 0,    in Z,
j
y

j
d k k
dz z

χ ∂
 − − =
 ∂ 

 (48) 

  
(0) (1),y yχ χ=   (49) 

  
0.y Z

χ =  (50) 

  
Integrating (48) in z Z∈ , one obtains 

  

1 11 ,   const. .
j
y

j j jk k C C j
z
χ∂

− = ∀
∂

 (51) 

  
Thus 

  

( )1
11 1  .

j
y

j j
d

k k C
dz
χ −= −  (52) 

  
Integrating Eq. (52), from 0 to 1, yields  

  
1 1 1

1 1
11 1 11

0 0 0

  .
j
y

j j
d

dz k k dz C k dz
dz
χ − −= −∫ ∫ ∫  (53) 

  
Because (0) (1),y yχ χ=  Eq. (53) gives 

  

11 1
11 11 1 .j jZ Z

C k k k
−− −=  (54) 

  
Substituting Eq. (54) into Eq. (52) yields 

  
11 1 1

11 1 11 11 1  ,
j
y

j jZ Z

d
k k k k k

dz
χ −− − − = − 

 
 (55) 

  
so that Eq. (50) is satisfied. 

With the solutions { }jy y Y
χ

∈
 of the First Local 

Problem, it is possible to calculate the intermediate 
effective coefficients  

  

1
1 1 ,

j j
y y

ij ij i ij iZZ Z

d d
k k k k k

dz dz
χ χ

= − = −  (56) 

  
as a matter of fact, substituting Eq. (55) into Eq. (56) 
ones arrive at 

  
1 1

1 11 1

11 1 1
1 11 11 11 1                  .

ij ij i jZ Z

i jZZ Z

k k k k k

k k k k k

−

−− − −

= −

+
 (57) 

  
One may verify that:  
 

(i) 1 1  ( )ij ijk k y C∞= ∈ ;  

(ii) 1 1 ij jik k= ;  and 

(iii) 21 3 1 10 : .ij i jc k cηη∃ > ∀ ∈ ≥η η  
 
Second Local Problem: Find jχ , Y -periodic,  such 
that  

  

1 1 0,  in ,
j

ij il
i l

d dk k Y
dy dy

χ 
− =  

 
 (58) 

  
(0) (1),j jχ χ=  (59) 

  
The solution of this problem can be determined up to 
an additive constant. 

The second local problem can be solved in a 
similar fashion, such that one can directly write 

  

( )

( ) ( ) ( )

11 1 1 1
1 11 1

11 1 11 1 1 1
1 11 11 11 1

ˆ

    .

ij ij i jY Y

i jY Y Y

k k k k k

k k k k k

−

−− − −

= −

+

 (60) 

  
In particular, for the case being considered, 

( , )  ( , )ij ijk k δ=y z y z , and Eq. (57) yields  
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( )11 1
1 1.Z Z Zij ij i jk k k kδ δ δ

−−= − −  (61) 

  
As a consequence 

  
11 1 1 1 1

11 22 33, , 0 .ijZZ
k k k k k k i j

−−= = = = ∀ ≠  (62) 

  
Now with the help of math code, on substituting 

Eq. (47) for k  and Eq. (62) into the solution of the 
second local problem, Eq. (60), one finally 
determines the effective thermal conductivities, 

  

( )

( ) ( ) ( )

( )
( )

11 1 1 1
11 11 11 11 11

11 1 11 1 1 1
11 11 11 11 11

1 11 11 1 1
11

1

ˆ

     +

    

    0.228 0.75
    1.0225,

Y Y

Y Y Y

Z Y ZYY

k k k k k

k k k k k

k k k

−

−− − −

− −− −− −
×

−

= −

= = =

= +

≈

 
(63) 

  
1

22 33 22

2

ˆ ˆ

0.25    0.25 0.75 1.0253,

Y ZY
k k k k

π

×= = =

= + + ≈
 (64) 

  
ˆ 0, .ijk i j= ∀ ≠  (65) 

  
CONCLUSIONS 
 

In the present work the strong-form Fourier heat 
conduction equation for heterogeneous media with 
multiple spatial scales has been successfully derived 
using the method of reiterated homogenization. The 
effective coefficients can be calculated by solving 
two local or cell problems, while the macroscopic 
behavior is governed by the homogenized problem. 
To facilitate the physical understanding of the 
technique, an analytical solution is obtained for the 
heat conduction equation in a trigonometric 
functionally graded material. The approach presented 
here shall serve as a basis for future efforts to 
numerically compute effective properties of more 
complex materials with multiple spatial scales. 
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