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NOMENCLATURE

a major ellipsis semi-axis, m
4, non transformed coefficient
A, area of the elliptical section, m?
b minor ellipsis semi-axis, m
B,  equation coefficients

c, specific heat, J/kg.K

C transformed coefticient

D, transformed coefticient

D, hydraulic diameter, m

G equation coefficient

h heat transfer coefficient, W/m2.K
h, metric coefficient

h, metric coefficient

H equation coefficient

J Jacobian determinant

k fluid conductivity, W/m.K

K normalized eigenfunction

L, thermal entry length

M, normalization integral

N normalization integral

Nu local Nusselt number

Nu, ~ average Nusselt number

P perimeter of the elliptical contour, m
Pe Peclet number

Pr Prandtl number

9, heat flux at the contour, W/m?
Re Reynolds number

T temperature, K

T, average temperature, K

T, .  average wall temperature, K
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This work shows the calculation of heat transfer parameters for slug flow in the thermal
entrance region of elliptical section tubes submitted to a second kind boundary condition.
The main difficulty in the application of the boundary conditions in problems with this
kind of geometry has been removed by using a suitable coordinate change. The generalized
integral transform technique (GITT) has been used to obtain the solution of the energy
equation. The mixture temperature and the local and average Nusselt numbers have been
calculated for several aspect ratios and the results have been compared with those found
in the literature.
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constant inlet temperature, K
dimensionless elliptical coordinates
specific internal energy, kJ/kg

coordinate contour

velocity field, m/s

velocity profile for fully developed laminar
flow, m/s

coordinate axis, m

dimensionless coordinate

normalized eigenfunction
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dimensionless ellipsis semi-axis
dimensionless focal distance
dimensionless ellipsis semi-axis

cross section contour

eigenfunction related to the coordinate v
normal coordinate, m

dimensionless normal coordinate
ellipsis semi-axis ratio

eigenvalue associated to the o,, (V)
eigenvalue associated to the ¢, (u)
dimensionless temperature
dimensionless average temperature
dimensionless average wall temperature
dimensionless temperature

transformed potential in u direction
transformed potential in v direction
fluid density, kg/m?

aspect ratio

cross section domain

eigenfunction related to the coordinate u
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Subscripts

i integer index
Jj integer index
m integer index
n integer index
INTRODUCTION

Although many research works have been
dedicated to forced convection problems in ducts,
analytical solutions for complex mass and heat transfer
problems are not commonly found in the literature
(Shah and London, 1978; Kakag et al., 1998).

The major drawback to derive analytical
solutions for that class of problems resides in the
impossibility of employing the method of
separation of variables. With the development of
the Generalized Integral Transform Technique
(GITT) this obstacle has been somewhat overcome,
making it possible to obtain solutions for the most
varied and complex diffusion problems (Aparecido,
1997). Problems such as diffusion ducts with
irregular shapes (Maia et al., 2000), time varying
coefficients and boundary conditions (Cotta and
Ozisik, 1986; Cotta and Ozisik, 1987), space
dependence for the heat transfer coefficients and
boundary conditions (Vick and Wells, 1986),
thermally and hydrodynamically developing flows
(Alves et al., 2004; Pelegrini et al., 2004 and Silva
and Cotta, 1992), diffusion involving moving
boundaries (Diniz et al., 1990), and non Newtonian
fluids (Maia et al., 2004) have all been provided a
suitable analytical solution, albeit not always in a
closed expression.

In the present work, heat transfer
parameters calculation for the laminar thermally
developing flow problem in ducts of elliptical
section with boundary condition of second kind,
a setup itself not amenable to variable separation,
has been presented. Regarding the boundary
conditions, an additional difficulty is due to the
non-regular two dimensional characteristic of the
cross section of the elliptical duct. A suitable
change of variables was devised to transform the
elliptic profile into a new geometry, simplifying
the application of the boundary conditions. The
Generalized Integral Transform Technique was
later applied to the energy equation to obtain the
temperature field in the flow and, consequently,
to determine the parameters of interest.
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ANALYSIS

In the formulation of the present problem,
thermally and hydrodynamically developing
laminar steady state flow has been assumed. The
effects of viscous dissipation and axial conduction
have been neglected and constant fluid properties
have been admitted constant throughout. Therefore,
the energy equation becomes:

pe, w(x,y

ey

T °T  J°T
/ =k >t 2
dz dx dy

with {(x,y)e Q z> 0}.

The velocity profile for fully developed
laminar flow inside elliptical tubes is:

w(x,y) =w = constant {xy)e @ z>0} Q)

In this model, the inlet condition is:
Txyz)=T A{xy)ee z>0} O

The condition of constant heat flux at the
boundary is given by:

_oTyz) _ g fevernz>o @

an

Finally, according to the symmetry of the
problem:

o"I”(x,y,Z) _0

Ix |, ©)
IT (x,y,z _0
oy | (©)

Coordinates Transformation

The main difficulty related to the boundary
conditions application to elliptical geometries has
been overcome by employing the coordinate
change shown in Fig. 1.
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Figure 1. Geometries of the duct and coordinates.
(a) Original geometry, (b) Modified geometry.

The temperature profile and other physical
parameters have been written in dimensionless
form as:

9(XYZ)=—T” “Tlez)
9, D, [k )
X
X=—
D ®)
h
y
Y=
D ©)
h
4
7 =
D Pe (10)
s M
" D (11)
h
pc w D
Pe=—" k” ! (12)

Maia et al. Heat Transfer Study in Slug Flow on Elliptical...

a—i
5 (13)
h
b
P=7 (14)
h
4Aw
Dh =T (15)
b
Pa‘\p T, (16)
ASC =rwab (17)
w2 5 . 2
P = 4ajo 1—x°sin"6 do (18)
[ 2 42
K:a—b (19)

a

With these new variables, the energy
equation becomes:

0(xYz) _ J°0(xY2) . 2°0(X.Y,7)
YA X’ Y’

(20)

The boundary conditions and the entrance
condition are as follows:

0(X.Y,Z)=0 {xy)eo z=0} (1)

00(X12)_, el 250} (22
an

%};’,2):0 X=0 7z>0} (23)

%%Y’Z) =0 {=0 Z>0} (24)

The orthogonal system of elliptic
coordinates (u, v) is used to transform the original
domain, with elliptical contour in the coordinates
(X, Y), into a domain with rectangular contour in
the transformed system (u, v):
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X =a" cosh(v) cos(u) (25)
Y=a" sinh(v)sin(u) (26)
Z=z (27)

* a

o =
cosh(vo ) (28)

v =arc tanh(é) {o<p<a} (29)

The coefficientsh and h and the Jacobian
J of the transformation of the system of coordinates
(X, Y) into the system (u, v) are given by:

h @v)=h @v)=h@v) (30

huv)=a* \/[Sinh2 )+ sin’ ()] (31)

)= G = i O s )

With these new variables the equations of the
elliptical contour and energy become, respectively:

vy | Loy 2 _
a*cosh(vo ) a*sinh(vo ) (33

00wv,z) 0°0wvz) 0°0@uvz
H(M’V) (E)Z ): 8(u2 )+ E§v2 ) 34
with H(u, v) given by:
H@v)=J@wv) (35)

The entry and boundary conditions in the
new coordinate system become:

Ow,v,Z)=0 {wv)eQ z=0} (36)
0'9(%‘42):0 =0 0sv<v, z>0} (37)
du
O'GSWJZ) _p W=7/2, 0<v<v, Z>0](38)
u
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é&(u,v,z)zo {ggugn/z, y=0, Z>0} (39
»
0’0(;;}1/,2) :h(u,v) t)SuSn'/Z, v=v, Z>0,} (40)

Homogenization of the Boundary Conditions

For the application of the GITT, itis convenient
to implement the homogenization of the boundary
conditions to increase the convergence rate of the series
that represents the solution. In order to accomplish this,
the following change of variables is considered:

2
G(u,v,Z):9*(u,v,Z)+2v—h(u,v0) (41)

v

0

With this new variable, the energy equation is:

* 2 n*
H(u’v)aﬁ (u,v,Z)= 0°60 (u;v,Z)+
0Z ou
2%
QO wr2) ) 42)
v
with:
h\u,v g
G(uv)= 0)+ VRN {cos(Zu)—
% 2h\u,v )v
0 07 0

a 5 2

The entry and boundary conditions are then
redefined by:

9*(u,v,Z)= _;Th(u,vo) {(u)v)e Q Z= 0} (44)

20" (u,v,z)
=0 =0 OSvSvo,Z>0} (45)
20 " (u,v,z
(;(m):() W=7/2, 0<v<v, Z>0] (46)
20" uv,Z
T)ZO @SHS”/Z,VZVO,Z>0} (47)
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3924—’“Z)=0 <u<n/2, v=0, z>0} (48)
,

Application of the GITT

To obtain the solution of the diffusion
equation in the new coordinate system, Eq. (42),
subjected to the conditions given by Eqs. (44)-(48),
the Generalized Integral Transform Technique is
applied. In order to accomplish this, the following
auxiliary eigenvalue problem related to the
independent variable u is considered:

w()

+u’yw)=0 {<u<zn/2}(49)
with the boundary conditions:
) o =0} (50
du
dw_ff):o fi=z/2} 1)

The eigenvalues and eigenfunctions
associated to this problem are:

wo=21 (i=1,23.) (52)

v ()= cos(yi u) (53)

The above eigenfunctions are orthogonal,
allowing the following pair inverse-transform:

0°0.2)= " K @) @vz)d  (54)

0 (1 2)= iKi )3 (2) (55)

Where K(u) are the normalized

eigenfunctions given by:

v ()
K (w)="77 (56)
where:
x/2, i=1

o4, is1 O

N =[Py {
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According to the formalism presented by
Cotta (1998), Eq. (34) and Eq. (42) are multiplied

7/ T/2
by operators L 2Kl_ (u)du and J.O "0 wv.Z)du ,

respectively. Following this procedure and applying
the boundary conditions described by Eqgs. (37)-(40)
and Egs. (45)-(48), the obtained system is:

- 80 (vZ)

ZAU () —L——

+u’ 0" (2)=

ae—(vz)+c (v) (58)

where:

Al’i (v): J.oﬂ/2 K,- (u)Kj (u)H(u:V)du (59)

C0)=[""K () Gluv)du (60)

Let us now consider the following eigenvalue
problem related to the independent variable v:

d;q)gv)_l_izq)(v): 0 Psvsv o6
v

This problem is subjected to the followings
boundary conditions:

dolv) _ 0 =0} (62)
dav

dp(v) _ o
rouialANR S RN C5)

The eigenvalues and the eigenfunctions for
this new problem are:

— (m_l)[
m v m=1,23..) (64)

0

o W=coslk v)  m=123.) (65

These eigenfunctions are orthogonals and
allow the following pair inverse-transform:
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0" @)= j:/z K@)Z ()0 @nZ)dudy (66)

0'wv2)=Y, Y K@z )8 (2) (67)

é im
i=l m=I

where Z_(v) are the normalized eigenfunctions:

0 ()
z,0)=""7 (68)

m

v, m>1

— ("2 —
M, =[]0 0)dv= o J2ms1 ()
0 )

To determine the transformed temperature

equation 5/ m (Z ), the procedure is similar to that
one related to the first eigenvalue problem. Eq. (24)
and Eq. (32) are multiplied by operators
J‘OV" z ()dv and _[(:0 0" (v,Z)dv, respectively, and

using boundary conditions Egs. (37)-(40) and Egs.
(45)-(48), the following system of ordinary
differential equations is obtained:

o’ (2)

o oo j;q
538,52

(2 +42)a" 2)+ D, =0 (70)

B =["Z (0)Z A (v)dv =
ijmn 0 m n ij

["["K @)K ()2, (6)K 6 Hv)dudy  (71)

D =-["7Z (v)C () dv=

_ J'O‘“ J.o”/z K () z ) Gv)du av (72)

The parameters B, ~and D, can be
integrated and, therefore, determined. The solution
of this system of ordinary differential equations,
when subjected to the transformed entry condition,
is the following
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6;11 (0)= J.Uv“ :lzKi (U)Zm (U)e* (u,V,O)dudv =

Vo (T/2 v2
=_'f0 . Ki(u)Zm(u)z—V0 h(u,vo)dudv (73)

The transformed temperature 6 (Z ) is

obtained from Eq. (70). Thus, the dimensionless
temperature 0(u, v, Z) can be numerically evaluated
using Eq. (66), just truncating the expansion in
series of orthogonal functions, for a given order
i=Nand m = M:

0ur2)=3 3 K ()2 ()0 (2)+

¢ im
i=l m=I

;2 h(u,vo) (74)

Obviously, larger values of N and M would
result in higher accuracy of the numerical results,
neglecting round-off errors.

Average Fluid Temperature and Nusselt
Numbers

The average fluid temperature for a given
duct cross section can be determined by means of a
balance of energy between the tube inlet section and
the given cross section, at a position z along the axis:

c'];'Pzzp u A ¢ (TQV—TO) (75)

The dimensionless average fluid
temperature is defined by:

0 (2)=47 (76)

The dimensionless average fluid

temperature can also be determined through the
integration of the temperature distribution:

2

D
0,(2)=—"],00r2) wxy)HO (77,

av
sc

In the plane (u, v), 6, is expressed by the
following equation:
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N

) 2)- f— B Sk 0,07 0)

i=1 m=1

+ % h(u,vo )} H(u,vo )du dv (78)
0

Equations (76) and (78) are adequate for
the verification of the accuracy of the numerical
results when the expansion is truncated in orders
i=Nandm =M.

The average wall temperature is obtained
by the integration:

4D L, N M =
0= [ SR b B Ve i 79)

The Nusselt number is defined by:

h(z)D
Nu(z)= (Zz E (80)
with /(z) defined as follows:
o 4@)
h(Z)_ TWaV _Tav (Z) (81)

By using the dimensionless variables, the
Nusselt number becomes:

1
NulZ)=——5~ (82)

The average Nusselt number is obtained by

integrating Eq. (82) along the tube axis:

Nu_ (Z)=é [ Nu(z)az'  (83)

Shah and London (1978) define the thermal
entry length (L) as the position where the local
Nusselt number is 5% higher than the Nusselt number
in the region where the fluid is thermally developed:

L, =positive root of {1.05 Nu(eo)— Nu(Z)=0} (84)

RESULTS AND DISCUSSION

In order to determine the coefficients 9:” (2)
the expansion given by Eq. (70) has been truncated
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to several choices of M and N values. Parameters
Bijmn and D, have been numerically calculated by a
Gauss quadrature method (36 points of quadrature)
and the equation system, Eq. (74), has been solved
by using the routine DIVPAG of the IMSL Fortran
Numerical Library (IMSL Library, 1979).

It has been noticed that the convergence
becomes slower when the aspect ratio b/a — 1.
For truncations to M and N both higher than 25,
the values of calculated Nusselt number, for
Z > 0.0001, converged within around 3 digits or
more, for the analyzed cases. Therefore, all
calculations in the present study truncated the
expansion to M = 25 and N = 25, generating a
system of 625 ordinary differential equations.

The difference between the average
temperature calculated by Eq. (78) and the average
temperature calculated by Eq. (76) is less than
107 for Z > 0.0001. The results for average wall
temperature, local and average Nusselt numbers
are presented in Table 1 for aspect ratio b/a = 0.5.
The behavior of these parameters has been shown
in Figs. 2 to 4 for several aspect ratios.

Table 1. Average wall temperature, local and
average Nusselt number in the Z-axis for aspect
ratio b/a=0.5

z 0.y Oy.av Nu,, Nu,,
0.0001 0.0004 0.0114 91.1 155
0.0002 0.0008 0.0161 65.2 115
0.0005 0.0020 0.0257 422 76.3
0.0010 0.0040 0.0366 30.7 55.8
0.0020 0.0080 0.0523 22.6 40.6
0.0050 0.0200 0.0845 15.5 27.1
0.0100 0.0400 0.123 12.1 20.2
0.0200 0.0800 0.182 9.84 15.4
0.0500 0.2000 0.321 8.29 11.4
0.1000 0.4000 0.529 7.75 9.69
0.2000 0.8000 0.933 7.52 8.64
0.5000 2.0000 2.13 7.49 7.95
1.0000 4.0000 4.13 7.49 7.72
2.0000 8.0000 8.13 7.49 7.60
5.0000 20.000 20.1 7.49 7.54
6.0000 24.000 24.1 7.49 7.53
7.0000 28.000 28.1 7.49 7.52
8.0000 32.000 32.1 7.49 7.52

From the obtained results it may be
observed that the thermal development is slower
when the aspect ratio b/a — 0. On the other hand,
it has been noticed that the values of wall
temperature and Nusselt number, calculated for
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several eccentricities of ellipsis, approximate
asymptotically in the region near tube entry. In the
region where the flow is thermally developed a
strong dependence of these parameters with the
eccentricity of the ellipsis has been observed, when
the aspect ratio b/a < 0.5. When the aspect ratio
b/a > 0.9, also in the fully developed region, an
asymptotical approximation of these parameters
has been noticed. In particular, the asymptotical
local Nusselt number is Nu = 8.0 for circular cross
section in the duct.

2.5
@ | —— BulkTemperature
I ba= 0.1 %/
@20 iE
' —-—-- ba=02 B
B s
—— - ba=03 //
15— — - ba=09 FZ
A
1.0 | ///
| R
L
05 I //
,//
0.0 — \ \ \ \
0.1 0.2 0.3 04 0.5
Z=z/(D,Pe)

Figure 2. Fluid average temperature and average
wall temperature in the Z-axis, for several aspect
ratios

Thermal development occurs farther from
the duct entrance when aspect ratio b/a — 0 and at
the limits of b/a 1.0 the results for the Nusselt
number approximate those obtained for flows in
ducts of circular section.

90.0
—
@3,750 s T b/a:()l
= Y bla=03
wol N\ om0 ba= 05
o — - ba=07
45.0; —_——— b/a: 0.9
30.0
15.0
T T \\HH‘ T T \\HH‘ T T \\HH‘ T T \\HH‘
10* 10° 10” 10" 10’

Z=z/(D,Pe)
Figure 3. Local Nusselt number in the Z-axis,
for several aspect ratios

Finally, Tab. 2 presents the results obtained
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in this work, corresponding to Nusselt numbers of
thermally developed flows and Fig. 5 shows the
limit Nusselt and the thermal entry length, for
elliptical ducts cross section flow.

120.0

00 T \\HH‘ T \\HH‘ T \\HH‘ T T \\HH‘
10" 10° 10° 10" 10°
Z=z2/(D,Pe)
Figure 4. Average Nusselt number in the Z-axis,
for several aspect ratios

Figure 5. Limit Nusselt and the thermal entry
length, for elliptical ducts cross section flow

Table 2. Nusselt number for fully developed flow and
thermal entry length, for several tube aspect ratios

b/a Nuew La

0.10 2.293 2.360
0.20 4.924 0.522
0.30 6.336 0.228
0.40 7.086 0.121
0.50 7.469 0.088
0.60 7.695 0.065
0.70 7.857 0.050
0.80 7.906 0.048
0.90 7.929 0.047
0.99 7.934 0.047

Engenharia Térmica (Thermal Engineering), Vol. 4 - No. 2 - October 2005 - p. 154-163 161



|CIENCIA/SCIENCE]
CONCLUSIONS

In the present work, the GITT has been
successfully applied to the problem of thermally
developing flow inside ducts of elliptical cross
section, subjected to second kind boundary
conditions. The inherent difficulty of application
of the boundary in problems with this geometry
has been overcome by means of a change of the
cartesian variables to a system of orthogonal elliptic
coordinates, that transforms the contour of elliptical
section of the duct to a new domain of rectangular
shape. The convergence of the temperature
distribution is slow and it is necessary to truncate
M and N at a relatively high order. For regions near
the duct entrance, Z = 0.0001, it has been necessary
to truncate the series to M = N > 25 to obtain a
satisfactory convergence for the Nusselt number
calculations, although for values of Z near the
region of thermal development, satisfactory
convergence has been obtained with fewer terms
in the series. In fact, in the fully developed region,
five terms in the series have shown to be usually
sufficient for a good numerical convergence.

The results obtained through GITT allowed
the determination of the parameters of interest, as
well as the wall temperature and the local and
average Nusselt number. Moreover, the results for
the Nusselt number obtained for the thermally
developed region exhibited excellent agreement
with those reported in the literature at the limits of
b/a — 1.0 (circular section ducts).
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