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NOMENCLATURE

boundary layer height, m
source height, m
identity operator

=

pollutant concentration, Kg/m?

ABSTRACT

Several analytical, numerical and hybrid methods are being used to solve diftusion and
diffusion advection problems. In this work, a closed form solution of the three-dimensional
diffusion advection equation in a Cartesian coordinate system is obtained by applying
rules, based on the Lie symmetries, to manipulate the exponential of the differential
operators that appear in its formal solution. There are many advantages of applying these
rules: the increase in processing velocity so that the solution may be obtained in real time,
the reduction in the amount of memory required to perform the necessary tasks in order to
obtain the solution, since the analytical expressions can be easily manipulated in post-
processing and also the discretization of the domain may not be necessary in some cases,
avoiding the use of mean values for some parameters involved. These rules yield good
results when applied to obtain solutions for problems in fluid mechanics and in quantum
mechanics. In order to show the performance of the method, a one-dimensional scenario
of the pollutant dispersion in a stable boundary layer is simulated, considering that the
horizontal component of the velocity field is dominant and constant, disregarding the
other components. The results are compared with data available in the literature.
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a, experimental constant used to determine
the Monin-Obukov length

5(x)  generalized Dirac function

A local Monin-Obukov length

INTRODUCTION

longitudinal diffusion coefficient, m*/s

lateral diffusion coefficient, m?/s

vertical diffusion coefficient, m?/s
Monin-Obukov length, m

instantaneous source, g/m?

pollutant source, Kg/m?

period of time since the emission, s

mean wind component in x direction, m/s

~

N}

T T LMION X xRS O

Us friction velocity, m/s
v mean wind component in y direction, m/s
w mean wind component in z direction, m/s
x Cartesian coordinate, m
X, source’s location component, m
y Cartesian coordinate, m
; source’s location component, m
z Cartesian coordinate, m
z height above the ground, m
Greek symbols
o experimental constant used to determine

the Monin-Obukov length

In the last decades, interest in studying
pollutant dispersion is increasing considerably as
a consequence of the environmental problems
caused by industrial development. Several
analytical, numerical and hybrid methods are used
to solve diffusion problems and advection diffusion
problems (Zwillinger, 1997).

An exact solution for the general form of
the three-dimensional advection diffusion equation
(Eq. 1) is not yet known.

e e, e o
ot ox dy 0z

:i Kx% +i K.i +i KZ% +S (1
ox ox | dy| Toy| oz 0z

where ¢ represents the pollutant concentration, ¢
is the period of time since the pollutant emission,

K., K, and K, are the longitudinal, lateral and
vertical diffusion coefficients, respectively, u, v
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and w correspond to the mean wind components
in x, y and : directions, respectively, and § is
the source term.

Nieuwstadt (Nieuwstadt, 1980) obtained a
solution to the transient one-dimensional problems

considering the velocity » constant and taking X, as

a function of the height and of the friction velocity u.

employing Legendre polynomials. Koch (1989)
presented an analytical solution to the two-dimensional
problem for a source on the ground, considering power
type profiles for the wind and diffusion coefficients,
and also the pollutant absorption effect by the soil.
Moura (1995) proposed an analytical solution to the
turbulent vertical dispersion of pollutants in a stable
boundary layer applying Laplace transform, the
dispersion coefficient was considered as a function of
the height of the stable boundary layer proposed by
Degrazia and Moraes (1992). Pires (1996) obtained a
similar solution for a convective boundary layer.
Applying the same method, Moreira (1996) proposed
a solution for the steady-state two-dimensional
dispersion problem in a convective boundary layer.
Chrysikopoulous et al. (1992) solved a three-
dimensional problem for a continuous source on ground
level, considering that wind velocity and the
diffusivities have power type profiles. Moura (1999)
proposed an analytical solution for the steady-state two
and three-dimensional equations using the generalized
integral transform. The solutions were valid when the
pollutant was subjected to homogenous turbulence and
when the mean values of the wind velocity components
were uniform. Moreira (2000) presented an analytical
model of dispersion based on discretization of the
planetary boundary layer. In each sub-layer the
advection diffusion equation was solved by means of
the application of Laplace transform, considering mean
values for the vertical diffusion coefficient and for the
wind velocity.

The aim of this paper is to present an analytical
formulation to determine the solution for the advection
diffusion equation in a Cartesian coordinate system.
This formulation consists in the application of the rules,
based on Lie symmetries, for manipulation of
exponentials of differential operators appearing in the
formal solution. In order to test the performance of the
method, a one-dimensional scenario of pollutant
dispersion in a stable boundary layer is simulated.

The application of the rules for manipulation
of the exponentials of differential operators makes the
execution possible in a usual PC, reducing the amount
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of memory required and increasing the processing
speed, alolowing the solution to be obtained in real
time. The method is efficient to solve problems in
quantum (Zabadal et al., 2001) and fluid mechanics
(Zabadal et al., 2004) and to simulate pollutant
dispersion in rivers.

Rule for Manipulation of the Exponential of a
First Order Differential Operator

In 1870 Marius Sophus Lie found out that
methods used to solve separable, homogenous and
exact differential equations are special cases of a
general integration process based on the invariance
of an ordinary differential equation. His idea
consisted of studying differential equations via their
symmetry groups (San Martin, 1999; Boyer, 2001).

Based on the theory of Lie, Dattoli et al.
(1998) developed the rule for the exponential of a
first order differential operator. Consider the
following first order differential equation

dF
- AF (2)

whose formal solution is given by:

1

Ads

F)=e® F, 3)

where F, represents the initial condition (Zill and

Cullen, 2001).
If 4 is a differential operator, for example, if

N
A=t 4)
Eq. (2) becomes:
OF _ OF
o ®)

From the formal solution given by Eq. (3),

'
—Ju;dx
F(x,t): e o ™

Fy (x) (6)
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If uis considered constant, Eq. (6) becomes:
mi
(x t)— e % |F (x) (7)

Applying the operator *“’* to F,(x), using

the Taylor series approximation for the exponential
function, i.e.:

)
e a":I—uti+i ut
ox 2!

aV 1 a3y

where I is the identity operator. Equation (8) can
be written as:

S 2 1) J . 9)
Applying Eq. (9) to Eq. (7):

F(x,t)= Fy (x)— ut%Fo (x)

a2 L i O

This expression can be rewritten as:

F(x.1)= ZT(W_J : (11)

It is known that

_ oF,
Fo(x+Ax)—F0(x)+Axax|x Y ax2|v

) 0FFy
k! ox* .

X

if Ax=-w in Eq. (12). Comparing Egs. (11) and
(12):

F(x,t)zFU(x—ut). (13)
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Hence, the rule for the exponential of a first
order differential operator with constant coefficient
(Eq. 14) may be obtained.

X
[ebax ]F(x)ZF(x+c)_ (14)
Rule for Manipulation of the Exponential of a
Second Order Differential Operator

Consider the following second order
differential equation with constant coefficient:

IF _ 0*F

whose formal solution is given by:

92

Flx.0)= {ea ]F(x,O)_ (16)

The use of Taylor series to calculate F(x,r)
does not allow obtaining an exponential rule in a
straightforward way. In order to develop the rule
for the exponential of a second order differential
operator, consider the problem:

2
aa—];:k% f,—oo<x<oo,t>0

x . (17
F(x.0)=f, (x)

The application of the Fourier transform to
Eq. (17) yields (Reichl, 1980):

M = —k* F(w.1)
o (18)
F.0)=f(0)

where F(o,r) denotes the Fourier transform of

. 02
F(x,¢), the Fourier transform of — F(x.7) and

0? -
folx) are S{GX—ZF(x,t)} =-0’F@1)  and

3{f, x)}= f(w), respectively.
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The solution of Eq. (18) is:

Flo.)= e 7(w). (19)

The inverse transform gives the formal
solution:

\/—f e F o (20)

Since

2

gifren e L @1)

2kt

and the convolution theorem yields

1|1 —j—;*
F(”FE{EQ fo (x)} , (22)

where the symbol * represents the convolution
operator, consequently, Eq. (22) gives

Flx,1)= @ J.e_mfo(x—u)du (23)

where £, (x) stands for the initial state of the system.

Finally, the rule for the exponential of a
second order differential operator with constant
coefficient can be written as:

{ }fo(x \/_ J.e 4k’f x— u)du (24)

Rule for the Exponential of First and Second
Order Differential Operators with Variable
Coefficients

The rules presented in the last sections can-
not be applied when the coefficients of the differ-
ential operators vary. Consequently, variable
change is applied to the original equation in order
to obtain another differential equation with con-
stant coefficients on which the rules can be em-
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ployed.

In order to obtain the rules for manipula-
tion of exponential of first and second order dif-
ferential operators with variable coefficient, con-
sider the problem:

F _0(p O
Sl e ) e
fo(z)=05(z-h,). (26)

Equation (25) can be rewritten as

2
alzaKza_f+K”8f.
ot 0z 0Oz 70z

27)

In order to be able to apply the rules, a
change of variables is necessary in Eq. (27) which
yields a new partial differential equation with
constant coefficient:

of (h,g.t) of (hg.t) 0°f(h g.1)
T (28)
whose formal solution is:
2, ﬁ
f(h,g,t)= eag an? f(th) (29)

where the functions 5, and g are obtained
employing the chain rule, i.e.

1
=) (30)

and

=2 ;dz
¢ I[dKz) . G1)

dz

The process of developing Eq. (28) in terms
of and is shown in the next section.

Applying the rule of manipulation of the
second order differential operator given by Eq. (24)
to Eq. (29) over variable , yields:
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Ii 1 +ee _ﬁ
fhg1)=|e ag] EI 4'f(h—¢,0)d¢]. (32)

The initial condition given by Eq. (26) can
be rewritten in terms of 4

fo(h) = f,(z(h) = 08 (=(h)~h, ), (33)

where z(h) corresponds to the inverse function of
h(z).
Thus, Eq. (32) can be rewritten as:

zi oo ¢
f(hg.t)= [e % ][ﬁ J.e 4,5(2(;1 —9)- hf)d(z) o

—oo

and the integral in Eq. (34) can be calculated as:

n ¢ %(h) ¢§4(’h)
Jeoi=0)-n,)do = 0] |pe(¢2(h)]<$
where

p@)=z(h~¢)-h,, (36)

and ¢ (k) and ¢ ,(h) correspond to the zeros of

p(®).
Therefore, Eq. (34) is expressed as:

) EE 80
— 4 4
f(h,g,t){e ag] o

Jam | [P @) |p'@,) |]- B7)

since j can be indirectly written in terms of g,

9
f(h,g,t)=[e % ]

RAUCE) 03 (=)
e 4 e 4 . (38)

J_ EACER) MEACER)
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Applying the rule for the exponential of a
first order differential operator given by Eq. (14)
over variable g,

1
hgt)=—-
f(hgt) T
P (h(=(g—1)) 93 (h(=(g—1)))

e 4 e 4t (39)

EOCEED) N CErED)

As g can be expressed in terms of z, the
solution of Eq. (25) may be expressed in function
of zand 1, i.e.,

)=
/1) T
RAUCEOR)) RAUCEOR))
e 4t e 4t 40)
0 @G- 17 6. 06CEE)-)
Consequently:

f(z’t): |:eazz§+ aZL }f(z 0) \/—m

9 ((z(grz)-1)) 03 (n(z(g(z)-1)))

" JE T (41)
p' (¢1(h( (e=)- t)))} I (¢z(h(z(g() ) |

Developing the Expressions for the Functions
g and

From

K

9> (oK.)o 9> 0
*{ ) = (42)

Tz | oz 5_87+$

and employing the chain rule, the following
expressions are readily obtained:

9__1 9
0z
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and
o__1 9
g (9g)0z, (44)
0z

Differentiating Eq. (43) with respect to 4,

9(9)_9| L o
an\ 9k |~ ok | (o) 2 |. (45)
0z
it yields
o L 9h9o 1 9
oh? % 3 0z2 oz % 2922 ) (46)
oz 0z

The substitution of Eq. (44) and Eq. (46)
in Eq. (42), yields

2
Kza—+ K. 19
dz2 0z |oz

1 i 1 1 9’h| 0 (47)

+ - —,
on\* 0z° (ag) onY 0z° | oz
0z 0z 0z

where the coefficient of the first and second order
differential operators are the same on both sides of

Eq. (47), thus

K. = -
(ah] (48)
0z

and

oK. 1 1 ok
0z (%j (ahf 0=’ (49)
0z 0z

Therefore,

1
and
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=2 ;dz
) I(dKz) . (51)

dz

Solution of the Three-dimensional Advection
Diffusion Equation in a Cartesian Coordinates
System

The problem of pollutant dispersion on the
atmosphere can be mathematically described by:

=i Kz% +i Kx% +i Ki (52)
oz 0z | ox ox | oyl oy
subjected to the initial condition

c(x, y,2,0)=c,(x,,2)=0 r(x,y)é (z—hs) (53)

where c is the pollutant concentration, ¢ is the period
of time since the pollutant emission, K, Ky and K_
are the longitudinal, transverse and vertical

diffusion coefficients, respectively, 4, is the height

of the source, u, v and w correspond to the mean
wind components in the x, » and : directions,
respectively, and s is the source term.
Coeflicients K and Ky as well as the wind
speed in the x direction, assumed as dominant, are
considered constant. Thus, Eq. (52) can be rewritten as

dc dc 0 dc d%¢c d%¢
EANALEEAN Sy gy gl
ot u ox az( g az]-'— ¥ Ox? A ay2 (54)

whose formal solution is:

c(x,y,z,t)=

_,,,i”(xa;z”(}, 8-2 +K, a—;+r[ 9K, Ji
B ox ox dy 0z 9z )oz c(x,y,Z,O) (55)

or

—fui K. ai
c(x,y,z,t)= e Kl 7|

02 9% (oK ]a
Kvi') K27+f == 56
e 7 {e 022 ( 0z Joz }c(x,y,z,o) ( )
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In order to obtain the solution of Eq. (54),
the rules for manipulation of the exponential of the
differential operators are employed. Initially, the
rule given by Eq. (41) is applied to Eq. (56) over z,
producing Eq. (57)

_0 ((=(e(=)-1)) _03(h=(g(2)-1))
O Lt reecee- )
and

c(x,p,z t)—{e_"f’ax}{ek o ][e’(“;]{Q\’/’i—i’Ty)(A(Z))}(SS)

Applying the rule for manipulation of the
exponential of a second order differential operator
with constant coefficient given by Eq. (24) over y
to Eq. (58) yields:

clx.y.z1)
5 07 || +oo 7%
{a]{ Z ] [Py (59

Employing the rule for manipulation of the
exponential of a second order differential operator
with constant coefficient given by Eq. (24) over x
to Eq. (59) yields:

d
c(x,y,z,t)z {e " ax]
2

A(Z TTQ g ey, BYBy | (60)

—oooo

Finally, applying the rule for manipulation
of'a exponential of a first order differential operator
given by Eq. (14) over x to Eq. (60) yields:

L AG).
clx,y,z,t)= \/_

+ootoo ﬁ

J‘J‘Qe 4zy1< ‘e 41K} r(

—oo—oo

—y-uy-pupdy OV

which corresponds to the solution of Eq. (54) where
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r(ey)=6k-xp(-y,) (62)

and x, and y, are the coordinates of the location
of the source.

Although the process of obtaining the solution
seems costly, it is performed just once. Also, it is
important to emphasize that the formulation is
presented in a generic form, without specifying the
parameters involved in the application. When applied
to practical examples, the process of obtaining the
solution becomes straightforward.

The solution given by Eq. (61) can be used to
simulate the pollutant dispersion for different models
of'the dispersion coefficient. Taking into account that
the result corresponds to Gaussian functions in x and
y directions, in this paper, the rule for manipulation
of the exponential of the second order differential
operator for zcomponent is tested using the diffusion
coefficient K. proposed by Degrazia and Moraes
(1992), which allows the comparison with the results
obtained by Moura (1995). In order to achieve that,
the following problem is solved:

dc 0 dc
Ezg(& g}, (63)
Co(z)zQé(Z_hs)a (64)

where

) 0.33(1—%)““2(2/}1)
ST =7 70 BRI Y

where h, corresponds to the source’s height,
0=400g/m> is the source’s intensity, #=400m
represents the boundary layer’s height. «, =2,
a, =3 and u. =0.31m/ s, the friction velocity, were
obtained from Minnesota experiment. Also,

% = (1— (/h))[3 ] , A is the local Monin-Obukov

length and 7 =116m is the Monin-Obukov length
obtained from Minnesota experiment. (Moura, 1995)

RESULTS

In this paper, turbulent transport in a stable
boundary layer was analyzed. Figure 1 shows the
time evolution of the pollutant concentration in a
12.5 m-high point, located 80 m far from the source.
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The results obtained by the formulation
presented in this paper agree with the ones
published by Moura (1995) as may be confirmed
in Fig. 1. The mean square deviation is
approximately 6%.

% + Results obtained by Moura (1995)
Solution obtained by the proposed method

0 0 tewth £l
Figure 1. Time evolution of the pollutant
concentration found at 12.5 m of height, 80 m far
from the source

CONCLUSIONS

The solution presented is analytical and can
be easily used for post-processing in software of
symbolic compoutation using microcomputers.
Besides, it is advantageous when compared with other
analytical solutions that apply Laplace transform
(Moura, 1995; Moreira, 2000), since there is no need
of discretizing the domain. The processing time is
very low (20 s in a Pentium IV, 1.7 Ghz). Maple VT™
was used to obtain the analytical solution in real time,
requiring a small amount of memory to perform the
task involved in obtaining the exact solution. The
application of the rules increased the processing
velocity, reduced the amount of memory needed to
perform the post-processing tasks and abolished the
need of domain discretization.
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